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ABSTRACT 

A procedure has been formulated to determine the 
natural frequencies and the corresponding mode shapes of 
a liquid-filled elastic cylindrical tank with a flexible 
inverted conical bulkhead. 
is incompressible and inviscid and its motion is irrotational. 
Under such assumptions, the velocity potential is obtained 
from the solution of Laplace's equation in both circular 
cylindrical and spherical polar coordinates. 
potential, together with Bernoulli's equation, permits the 
evaluation of the fluctuating liquid pressure at the liquid- 
shell interfaces. 

It is assumed that the liquid 

This velocity 

The interface pressure is treated as a forcing 
function in the shell equations, and the shell displace- 
ment components are then determined analytically. 
eigenvalue problem was constructed by the least square 
technique through the boundary conditions and interface 
conditions. The solution of  such an eigenvalue problem 
are the desired natural frequencies and the corresponding 
mode shapes of the system. 

An 
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NOMENCLATURE 
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Height of cone 

CI 

Undetermined cons tan ts  n = 0,  1, --- , N; n = 2n; 
n = 2 n + 1  
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Eh/(l - v 2 ) ,  s h e l l  ex tens ion  r i g i d i t y .  
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Thickness of c y l i n d r i c a l  s h e l l  and cone r e s p e c t i v e l y .  
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S t r e s s  r e s u l t a n t  i n  t h e  d i r e c t i o n  of s,  @, z 
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Spher ica l  r a d i a l  coord ina te  
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Axial ,  meridional  and r a d i a l  displacement com- 
ponent,  r e s p e c t i v e l y  of c y l i n d r i c a l  s h e l l .  

Displacement component of cone i n  t h e  d i r e c t i o n  o f  
s and 0 

Axial coord ina te  
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_ - _ - - -  
r ,  s ,  u,  V ,  w, 2, e t c .  Nondimensional q u a n t i t y  of r, s, u, v, w, z, e t c .  

Defined constant  mn g,; hmJ L 

a Semivortex angle  of cone 

Pos i t i ve  root of Besse l ' s  func t ion  of f i r s t  o rder  n J  a 

K13 K 2  

x 

Undetermined cons tan t  

Gamma funct ion 

Functional e r r o r s  

Meridional sphe r i ca l  coord ina te  

p lhla2/D1 and p2h2a2/D2 r e s p e c t i v e l y  

Defined constant  

cos 8 

V Poisson ' s  r a t i o  

P f '  P I '  P2 Density of f l u i d ,  c y l i n d r i c a l  s h e l l ,  and cone 
r e spec t ive ly  

U Defined constant  
- 
t Nondimensional q u a n t i t y  of t 

Veloci ty  p o t e n t i a l  

41, 9 2  

w Natural  frequency 
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I .  INTRODUCTION 

In t h e  development of launch vehic le  and s p a c e c r a f t  design,  a 
knowledge of t h e  dynamic behavior of thin-wal led f u e l  tanks  i s  of g r e a t  
importance. 
corresponding mode shapes of v ib ra t ions .  
t h e  au thor  (Reference 1)  s tud ied  t h e  coupled o s c i l l a t i o n s  of  a l i q u i d  
with a free su r face  i n  a f l e x i b l e  ob la t e  sphero ida l  tank.  For a b e t t e r  
understanding of  such coupl ing of o s c i l l a t i o n ,  t h e  s tudy  of  t h e  i n t e r -  
a c t i o n  of dynamic behavior  of a f l e x i b l e  l i q u i d - f i l l e d  c y l i n d r i c a l  tank 
with a f l e x i b l e  inve r t ed  conica l  bulkhead i s  developed. 

O f  prime importance a r e  t h e  n a t u r a l  f r equenc ie s  and t h e  
In  a r ecen t  i n v e s t i g a t i o n ,  

A number of  s t u d i e s  have been made dur ing  t h e  past  years  of t h e  
dynamic behavior  of  c y l i n d r i c a l  tanks wi th  va r ious  shapes of bulkhead. 
Bhuta and Koval (Reference 2)  s tudied  t h e  problem of  s lo sh ing  of a 
l i q u i d  i n  a c y l i n d r i c a l  tank with r i g i d  walls and a f l e x i b l e  bottom. 
Bleich (Reference 3) i nves t iga t ed  long i tud ina l  forced  v i b r a t i o n s  of 
c y l i n d r i c a l  f u e l  tanks with r i g i d  wal ls  and e las t ic  bottoms of a r b i t r a r y  
shape. Coale and Nagano (Reference 4) d e a l t  wi th  t h e  axisymmetric 
dynamic behavior  of  a c y l i n d r i c a l  s h e l l  with a hemispherical  s h e l l  
bottom. 
behavior  of an e las t ic ,  l i q u i d - f i l l e d  c y l i n d r i c a l  tank with a f l e x i b l e  
i n v e r t e d  conica l  bulkhead. 

The p resen t  s tudy  i s  concerned wi th  t h e  axisymmetric dynamic 

The p resen t  method of a n a l y s i s  i s  based on two previous papers, 
one f o r  a hemispherical  tank (Reference 5) and one f o r  an o b l a t e  sphe ro ida l  
tank (Reference l ) ,  both of  which a re  f u l l y  f i l l e d  by t h e  l i q u i d .  
mathematical model f o r  t he  a n a l y s i s  of such a system i s  considered and i t s  
geometry i s  descr ibed  by a c i r c u l a r  c y l i n d r i c a l  coord ina te  system f o r  t h e  
c y l i n d r i c a l  s h e l l  and a sphe r i ca l  po la r  coord ina te  system f o r  t h e  i n v e r t e d  
c o n i c a l  s h e l l  as shown i n  Figure 1. 
rep resen ted  by a v e l o c i t y  p o t e n t i a l  which satisfies t h e  c o n t i n u i t y  equat ion 
s t a t e d  by Laplace 's  equat ion.  
two displacement components, one i n  t h e  normal d i r e c t i o n  and one i n  t h e  

. t a n g e n t i a l  d i r e c t i o n .  The l i q u i d  v e l o c i t y  p o t e n t i a l  i n  t h e  c y l i n d r i c a l  
s h e l l  i s  represented  by a s e r i e s  o f  t h e  product  of  Bessel func t ions  and 
t r igonomet r i c  func t ions .  The l i q u i d  v e l o c i t y  p o t e n t i a l  i n  t h e  i n v e r t e d  
c o n i c a l  s h e l l  i s  represented  by a s e r i e s  of Legendre func t ions .  
displacement components f o r  both t h e  c y l i n d r i c a l  s h e l l  and the  conica l  
s h e l l  are expressed i n  terms of  t h e  l i q u i d  ve loc i ty  p o t e n t i a l .  
i n  t h e s e  series are s e l e c t e d  t o  satisfy t h e  l i q u i d - s h e l l  i n t e r f a c e  condi t ions  
by t h e  least  squared e r r o r  technique. 
t h e  n a t u r a l  f requencies  and t h e  corresponding mode shapes,  t h e  procedure 
i s  desc r ibed  i n  d e t a i l  at  t h e  end of t h i s  r e p o r t .  

The 

The motion of  t h e  l i q u i d  i s  

The motion of t h e  s h e l l  i s  represented  by 

The s h e l l  

C o e f f i c i e n t s  

For t h e  numerical  c a l c u l a t i o n  of  

-1- 
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11. EQUATIONS OF MOTION AND BOUNDARY CONDITIONS 

The system to be analyzed is a thin, flexible, liquid-filled 
circular cylindrical shell with a thin, flexible, inverted conical 
shell. For analysis, the 
system is divided into four elements: 
a free surface, (2)  an inverted cone of liquid, (3) a circular 
cylindrical shell, and (4) a circular conical shell. The liquid in 
elements (1) and (2) is assumed to be incompressible, inviscid, and 
irrotational. The shell in elements (3) and (4) is treated as a 
membrane and hence the bending effects are ignored. 
whose thickness-to-radius ratio is very small, such as those in the 
present case, this assumption is justified. The inertial forces of 
elements (3) and (4) are 'included in the equations of motion. Only 
a small-amplitude, longitudinal, axisymmetric motion i s  considered. 
As shown in Figure 1, the system is restrained against axial motion 
at the lower end of  the cylindrical shell but is Unrestrained 
otherwise. 
longitudinally. 

The configuration is shown in Figure 1. 
(1) a cylinder of liquid with 

For a thin shell 

The upper end of the cylindrical shell is unrestrained 

r 
H 

2 

- I .  

S 
I 

Figure 1. Liquid-Filled Circular Cylindrical Tank with 
An Inverted Conical Bulkhead at the Bottom 

-3- 
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1. Liquid L1 

Motion of t h e  l i q u i d  L1 

p o t e n t i a l  Q1(r ,z , t )  
i n  c i r c u l a r  c y l i n d r i c a l  coordinates  

can be expressed i n  terms of a v e l o c i t y  

which s a t i s f i e s  t h e  axisymmetric Laplace equat ion 

a @ l  a2*, 
2 

- - + -  a 2 @ 1  1 - + + = o  
az V2@,  - 2 r ar ar 

where r and z a r e  c i r c u l a r  c y l i n d r i c a l  coord ina tes  and shown i n  
Figure 1. 

Two of  the  boundary condi t ions  a s soc ia t ed  with t h i s  element a r e  

which is  requi red  t o  avoid a s i n g u l a r  s o l u t i o n  a t  t h e  a x i s ,  and 

a a1 
2 + g  - 

a t  az 

which i s  t h e  l i n e a r i z e d  boundary condi t ion 
free s u r f a c e .  

= o  
=H 

t h a t  i s  t o  be s a t i s f i e d  a t  t h e  

The remaining boundary condi t ions  are i n t e r f a c e  condi t ions  coupl ing 
t h i s  element t o  o t h e r  elements of t h e  system. 
i n t e r f a c e ,  t he  boundary condi t ion  i s  

A t  t h e  l i q u i d - s h e l l  

(3) 

a t  r=a a r  

. -4-  
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is taken positively in the direction of increasing r and where - a% 
ar 

is the radial displacement of the cylindrical shell to be determined . wll 
in terms of 
normal velocity of the two elements nnist match, namely, Q1. Between the two elements of liquid, pressure, and 

and 

where Q 2  
8 are 

2. Liquid 
Motion 

potential 

is a velocity potential of the liquid L2, and s and 
spherical polar coordinates. 

L2 
of the liquid L 
@ ~ (s, 8, t) 

can be expressed in terms of a velocity 
whicz satisfies the Laplace equation in spherical 

polar coordingtes 

aQ2 1 a2#2 +--a0 cote a @2 

+ - T T  ae as 2 s  as s 
a202 2 v29, = - + -  - 

The boundary conditions for # 2  are interface conditions and two 
of them are given by Eqs. (5) and (6). The other interface conditions 
are 

-5- 
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b - z  
+ 

r - 

r= a 

s= 7 a + (b-z) 

-1 a ( e =  t a n  - b-z 

aw12 = -  

-1 a l e =  t a n  - b-z 

and 

are taken p o s i t i v e l y  i n  t h e  d i r e c t i o n  of and - - where - 
i nc reas ing  s and 0 r e s p e c t i v e l y  and t h e  l e f t -hand  s i d e  of Eq .  (8) 
r ep resen t s  the component of Q2  
c y l i n d r i c a l  s h e l l  su r f ace .  

1 a @2 
s ae 

a @2 
as 

i n  t h e  d i r e c t i o n  normal t o  t h e  
I t  i s  obtained from 

cos 0 s i n e  + - - 1 a Q2 

an as ae 
a %  

Q Q 2  = -  
3 %  -f - = n  

-+ 
where n i s  t h e  u n i t  outward normal vec to r .  

3 .  Circular  C y l i d r i c a l  S h e l l  F i l l e d  with Liquid L1 

Let t h e  coord ina te  axes be chosen so  t h a t  z i s  i n  t h e  d i r e c t i o n  of 
t h e  genera t r ix  and r 
su r face  of the s h e l l  as shown i n  Figure 1. 
equat ions (Reference 6 )  f o r  t h i s  s h e l l  can then  be expressed i n  terms of 
displacements u ( z , t )  and wll(zDt) as 

is  i n  t h e  d i r e c t i o n  of t h e  normal t o  middle 
The axisymmetric d i f f e r e n t i a l  

11 

SID 67-212-2 
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2 2 
awll P l h l a  - a ull + v  - =  a ull 

az 
a- 

az Dl a t 2  2 

2 2  2 

2 (12) 
a p1 

Dl 

+ -  - P l h l a  a wll - -  aull 
+ wll 

az a t  
v a- 

Dl 

where v is  t h e  Poisson 's  r a t i o ,  p1 i s  t h e  mass d e n s i t y ,  hl  is  the  1 
th i ckness ,  and D 
c i r c u l a r  c y l i n d r i k a l  s h e l l ,  and p 
s h e l l  wall .  

i s  t h e  ex tens iona l  modulus ( = Elhl /  1-v12 ) of the  
i s  t h e  l i q u i d  p re s su re  a c t i n g  a t  t h e  1 

From t h e  l i n e a r i z e d  Bernoul l i  equat ion,  t h e  l i q u i d  p re s su re  p1 may 
be expressed as 

p1 = - P f  I 
a t  

where p f  is t h e  mass d e n s i t y  o f  t h e  l i q u i d .  

The boundary condi t ions  a r e  

11 = u12 ) 

which i n d i c a t e s  t h a t  t h e  s h e l l  i s  continuous a t  z = b and ",I = o  
a z  a 

NZ z=H 1 =DIPtv z=H 

which specifies t h a t  t h e r e  i s  n o  a x i a l  f o r c e  a c t i n g  on t h e  upper end of  
t h e  s h e l l .  
because wi th  bending s t i f f n e s s  neglected t h e  d i f f e r e n t i a l  equat ion is 
of  ze ro  o r d e r  i n  w 

There i s  no boundary condi t ion  which can be app l i ed  t o  wll 

11' 

-7- 
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4 .  C i r c u l a r  Conical Shel l  

Let s be chosen i n  t h e  d i r e c t i o n  of  t h e  g e n e r a t r i x  and 6 be 
measured i n  the d i r e c t i o n  o f  t h e  normal t o  t h e  middle sur face  of t h e  
s h e l l  as shown i n  Figure 1. 
a r e  s and 8. Let R1 = R and R2 = R e  be t h e  p r i n c i p a l  r a d i i  
of curva ture .  Then Rs = 03 and R = s t a n a  where a i s  a semi- 
ve r t ex  angle  o f  t he  cone. 

In t h i s  case, t h e  c u r v i l i n e a r  coord ina tes  

S 

e 
From t h e  general  expression of t h e  equat ions of motion of a t h i n  

s h e l l  i n  terms of  c u r v i l i n e a r  coord ina tes  (Reference S ) ,  t h e  equat ions 
of motion of the  c i r c u l a r  con ica l  membrane under a x i a l l y  symmetric 
condi t ions  a r e  obtained as 

a s N s  - -  N + sfs = 0 as 9 

and N are t h e  stress r e s u l t a n t s ,  f S  and f o  are t h e  
(b 

where Ns 
i n e r t i a  forces ,  and p2 
t h e  c i r c u l a r  c y l i n d r i c a l  s h e l l  wall and t h e  c i r c u l a r  con ica l  s h e l l  wall. 

is  t h e  l i q u i d  dynamic p res su re  a c t i n g  a t  both  

The s t r e s s - s t r a i n  r e l a t i o n s  g ive  

N S = D2(es + v2e9 

where e and e are t h e  ex tens iona l  and angu la r  s t r a i n ,  

r e spec t ive ly ,  and D 
of t h e  c i r c u l a r  coniza l  s h e l l .  

S 4 
i s  t h e  ex tens iona l  modulus ( = E2h2/l-v2’) 

The s t ra in-displacement  r e l a t i o n s  are ob ta ined  from the genera l  
expression (Jleference 7) : 

a u 2  

a s  
e i;- 
S 

a 2(u2 1 + w 2 c o t a )  

-8 -  
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S u b s t i t u t i n g  Eqs. (20) and (21) i n t o  E q s .  (18) and (19) g ives  

Ns = D2 

1 ( u 2  + w cot.) + v - au2 

as 2 N = D 2  + 
The i n e r t i a  f o r c e s  f and f are given by 

S 8 

2 a u, 
L f s  = - p 2h2 - 

a t 2  

2 a W, L fe = - P2h2 - 
a t 2  

where p2 i s  t h e  mass d e n s i t y  and h2 i s  t h e  th i ckness  of  t h e  c i r c u l a r  
con ica l  s h e l l .  

From t h e  l i n e a r i z e d  Bernoul l i  equat ion,  t h e  l i q u i d  p re s su re  p2 may 
be expressed as 

p2 = - P f  - 
a t  

S u b s t i t u t i n g  Eqs. C22) through C26) i n t o  Eqs. c16) and C17) g ives  

2 
P2h2s a u2 

2 
. -  

2 aw2 w2 a u2 

3s ' 2  as S as S 

au2 u 2 

t - Y - * v - cota T. -- c o t a  = s 
a t  D2 

2 

C28) 
au2 u 2 w2 p2h2s a w2 'P2a v - t - + - C O t a  = T - - t a n a  - - t ana  

D2 
as s D2 at2 

where p2a i s  t h e  p re s su re  p at  8 a.  2 
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The boundary condi t ions  are 

u2 = f i n i t e  a t s = O  

which i s  requi red  t o  avoid a s i n g u l a r  s o l u t i o n  a t  t h e  apex and 

u - w t a n a  = 0 2 2 a t  s = & T 7  

which assumes t h a t  t h e r e  is no a x i a l  displacement a t  t h e  bottom of t h e  
conica l  she1 1. 

5.  C i r c u l a r  Cyl indr ica l  S h e l l  F i l l e d  with Liquid L2 

expressed as 
The axisymmetric d i f f e r e n t i a l  equat ions f o r  t h i s  s h e l l  can be 

2 2 
aw12 @la a u12 

Dl 

Plhla a w 1 2  a P2 

a t  Dl 

2 I- v l - =  1 2  a- 2 

a u  

az a t  az 

2 2  2 

2 + -  s -  1 2  v l a  - au 

I- w12 
Dl a z  

The boundary condi t ions  are E q s .  (14) and 

u12 ] = O 
z=o 

which ind ica t e s  t h a t  t h e r e  i s  no axial motion of t h e  base  of t h e  s h e l l .  
There i s  again no boundary condi t ion  which can be app l i ed  t o  w12. 

- 10- 
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111 . SOLUTIONS OF VELOCITY POTENTIALS AND SHELL DISPLACEMENTS 

L1 1. Liquid 

The equations f o r  determining the shell displacements are found by 
assuming a simple harmonic motion of the system. 
harmonic motion, the velocity potential, Cp 

For such a simple 
may be taken in the form 1’ 

2 -  q,l = a w +l(r,z)cosut (34) 

- 
where 
0 is the natural frequency of the system. 

$l(r,z) is the dimensionless velocity potential f o r  steady flow, 

By separation of  variables, @ ( r , z )  is obtained in the form 

m 

+ An [an sinh(y), + cash(?) ] Jo(T) 
n= 1 

(35) 

m =  1, 2 ,  3, - - - 
n = 1 , 2 , 3 , - - -  

e e an, an’ Bn, and B are constant parameters, where e 10’ 20’ 30’ ‘4:’ ‘7’ ~ 

and Jo ( anr/a ) and Io B,r a 

kind, of order zero and the modified Bessel function of the first kind, of 
order zero, respectively. 

n 
are the Bessel function of the first 

-11- 
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By t h e  boundary condi t ion ,  E q .  ( 2 ) ,  

e = e  = O  
20 40 

The s o l u t i o n  J l ( r , z ) ,  E q .  ( 3 5 ) ,  may be s p l i t  i n t o  two p a r t s  as 

Z where qlA(r ,z)  corresponds t o  the  terms e10 + e30 a and t h e  s e r i e s  with 

c o e f f i c i e n t s  A 
l i q u i d s  L1 an8 L 2 ,  whi le  J IB( r , z )  corresponds t o  t h e  s e r i e s  with 

c o e f f i c i e n t s  B 
However, both vg loc i ty  p o t e n t i a l s  produce p res su re  on both t h e  i n t e r -  
s e c t i o n  and the s i d e .  

and r ep resen t s  t he  flow through t h e  i n t e r s e c t i o n  between two 

and r ep resen t s  t h e  flow through t h e  s i d e  of t h e  c y l i n d e r .  

The boundary condi t ions  f o r  $lA(r ,z)  and 51B(r,z) a r e ,  

r e spec t ive ly ,  

r= a 

and 

z=b 

By t h e  boundary condi t ion ,  E q .  c38), we have 

J l (an ) = 

from which the cons tan t  parameter 
condi t ion ,  Eq .  ( 3 9 ) ,  we f i n d  

bncos ( y  ) 
a can n 

- s i n  

be determined. By t h e  boundary 

-12- 
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from which 

Define 

e30 = *O 

S u b s t i t u t i n g  E q s .  (36),  (42),  and (43) i n t o  E q .  (35) g ives  

+ 2 An [ansinh ( y) i cos.( y)] Jo ( y) 
n= 1 

m c o s (  Bn ") 
+E Bn a I O (  F) 

n = l  cos( 

(43) 

(44) 

The v e l o c i t y  p o t e n t i a l  Q ( r ,z )  i s  then  obta ined  by s u b s t i t u t i n g  1 E q .  (44) i n t o  E q .  (34),  as 

+ 2 An[ansinh( y) t cosh (y)]JO ( y) 1 coswt (45) 

n= 1 

and a are obta ined  i n  terms of 10' 'n' n The cons tan t  parameters  e 

w from t h e  boundary condi t ion ,  Eq.  (3), as fo l lows:  

-13- 
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e =-(:-H) * O  

lo a 

Bn 2 g - t an  ( f i n  y)+ w = 0 
a 

a w 2 - g - t a n h ( F )  n 

a A =  
2 n a n 

a 
g - - o tanh ( 

A and Bn of  E q .  (45),  w i l l  be *o’ n The remaining unknown va lues ,  

determined l a t e r  i n  t h e  eigenvalue problem. 

2 .  Liquid L2  

For a simple harmonic motion, t h e  v e l o c i t y  p o t e n t i a l ,  a2, may be  
taken i n  the  form 

where &2(sJO) i s  t h e  v e l o c i t y  p o t e n t i a l  f o r  s teady  f low.  

By separa t ion  o f  v a r i a b l e s ,  0 2 ( s , e )  i s  obta ined  i n  t h e  form 
- 

where p = cose. 
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In order to avoid the singularity at s = 0 
potential q2 will remain finite, the coefficients Fo, Fn and G 
are assumed zero. In this case, Eq.  (48) becomes 

so that the velocity 
n 

n= 0 

The remaining unknown values, Co and Cn will be determined later in 
the eigenvalue problem. 

L1 3 .  Circular Cylindrical Shell Partially Filled with Liquid 

li 
(i = 1 and 2), pressure p1 and axial coordinate be defined by the 
relations: 

Let the nondimensionalized displacement components u and w li - 

4 2  Pla w - 
u sinwt, i = 1, 2, - - - li u =  

Dl li 

4w2 P.a ' I  - 
w sinwt, i = 1, 2, - - - li w =  

Dl li 

2 2 -  p1 = pla w p sinwt, 1 

- 
z = a z  

1 -  t = - t  
w 

(53)  

(54) 

Substituting these expressions into Eqs. (11) and (12) gives, respectively, 

-15- 
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where 

2- 
K W U  + L ) - = -  

d26, dW1 1 
dt2 dZ 1 11 

dill - 2- 
- +  wll = 1 11 + ill dZ 

- Plhla2 
Dl K1 - 

Let the nondimensionalized liquid density ifl, velocity 
- 

potentials +1 and &l be defined by the relations: 

- 
Pf - PlPfl 

+1 = a WO, 

*l = $lCOSWt 

2 -  

Substituting these expressions into E q .  (13) gives 

From E q s .  (52) and (61), 

Substituting Eqs. (SO), (51) and (53) into Eqs. (14) and (15) 
gives 

dU1 1 - di12 A - ---=u 
IC di d i  

b at .Z .= 

(55) 

(57 )  

-16- 
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I -  

and 

11 du - 
11 = O - +  v w 

d i  

- H  a t z = -  a 

- 
where u is a cons tan t  t o  be  determined l a t e r .  

I C  

From Eq. (56) we f i n d  

du . 1 - 11 V 

- +  2 p1 
w = -  
11 1 - K ~ W *  d i  1 - K w 1 

S u b s t i t u t i n g  Eq .  (65) i n t o  E q .  (55) gives  

where 
K l U 2 ( 1  - K 1 W 2 )  

1 - V - K I W  

2 

- 
2 g l l  - 

812  - 
V - 
2 

- K1w 1 - v  

The homogeneous s o l u t i o n  of  Eq. (66) i s  

Cul and C are a r b i t r a r y  cons t an t s .  u2 where 

SID 67-212-2 
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The p a r t i c u l a r  so lu t ion  of Eq. ( 6 6 )  i s  assumed as  

where 

18- 
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Thus, from E q s .  (70), we obta in  

S u b s t i t u t i n g  E q s .  (72) i n t o  E q .  (69) and adding t h e  r e s u l t  t o  Eq.  (68), 
g ives  t h e  general  s o l u t i o n  of  Eq. (66) as 

D i f f e r e n t i a t i n g  E q .  (73) with respec t  t o  'z gives 

-19- 
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S u b s t i t u t i n g  E q .  (74) i n t o  Eq .  (65) gives  

From Eqs. (74) and (75), 

-20- 
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2 - + v i  dill = - ( 1 -  V 

1 - K I W  
11 dz 

By t h e  boundary condi t ion ,  Eq.  (64), 

-21- 
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2 
(77) 

By t h e  boundary condi t ion ,  E q .  (63),  

r 

-22- 
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Eqs. (77) and (78) are t h e n  w r i t t e n  as 

from which 

‘ l l C U l  + ‘1ZCU2 = hll  

L13cu1 + ‘14‘u2 = h12 + 

- 
%1 - 

‘11‘14 - ‘12‘13 

- ‘llh12 - ‘13hll + ‘llUlc 

‘11‘14 - ‘12‘13 
cu2 - 

S u b s t i t u t i n g  Eqs.  (81) i n t o  Eqs. (73) th rough (75) g i v e s  

u =  11 
L14h11 - ‘ 12 12 - ‘lZGlc 

‘11‘14 - ‘12‘13 

- 24- 
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4. Circular Conical Shell 

Let the nondimensionalized displacement components U 2 and w 2 ,  
pressure P2a and generatrix s be denoted by the relations: 

4 2  P2a w 
U sinwt (85) 2 u =  2 

D2 

4 2  P2a w 
- W sinwt w2 - 2 

D2 

- 2 2 -  - p2a w p2a sinwt P2a 

- 
s = a s  

where 
Substituting these expressions into Eqs. (27) and (28) gives, respectively, 

P2a is the pressure acting at the conical shell surface. 

- - 
(89) 

2 - -  d2U2 d; U dw W 

u2 COtCi = - K 2 W  cota - - 2 
- s - t - - - - t  v - 

ds2 ds dg S 

- 
(90') 

2 2 - -  s w tana - S P2utana 
dU2 U2 W 

- - 2w 2 v -+-t-cota= 
ds s S 

where 

Let the nondimensionalized liquid density pf2 and velocity 

Potentials G2 and be defined by the relations: 2 

67-2  12-2 

~. 
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Q2 = ~ 2 c O s w t  

S u b s t i t u t i n g  t h e s e  express ions  i n t o  Eq.  (26) g ives  

- 2 2 -  - 
P2 - P2a u Pf2 0, sinwt 

From Eqs. (87) and (94) 

(94 1 

S u b s t i t u t i n g  Eqs. (85) and c86) i n t o  boundary cond i t ions  (29) and 
(30) gives  

and 

where 

- 
u 2 = f i n i t e  a t i = ~  

- 
u - ; j2tanu = 0 2 

L a t i n -  a 

I t  w i l l  be i n d i c a t e d  below how the two Equations c89) and e903 involv ing  
two dependent v a r i a b l e s ,  u2 and c,, can be reduced t o  a s i n g l e  
d i f f e r e n t i a l  equat ion  of U2. 

” 

-27- 
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F i r s t ,  from E q .  (90) 

-L - - L  v s -  + U + s p t ana  - 2 2a d: - w = -  
2 co ta  - K 2 w 2 s  -2  t ana  

Second, s u b s t i t u t e  E q .  (98) i n t o  E q .  (89),  

2- 
2-2 2 2 4-4 4 ] - 2  u2 w s t a n a  s -  1 - v 2 - (  2-v 2, K w s t a n  a + K~ 

ds  [ 
2-2 2 2 4-4 d12 

t [ 1 - v 2  - ( 2 + V 2 ) K 2 W  s t a n  a + K w s t an4a  ] s ds 
2 

+ ( ( 1 - 2 v  + cot  2 a K w 2-2 s t a n  2 a - (2 + t a n  2 a ) K 2  2 w 4-4 s t a n  2 a 
1 2  

+ K 2 3w6i6tan4a] i2 

2-4 2 = ( -  S’ + K w s t a n  a + 2v i2 ) j2a t ana  
2 

2-2 2 -3 +2a + (  1 - K 2 w  s t a n  a ) v  s - t a n a  
d i  

-28-  
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2-2 2 Simplifying Eq. (99) f o r  t h e  case K w s tan a << 1 gives  2 

where 

2 
2 2  1 - 2v + cot  a 

1 - v  
A2 = K ~ W  t a n  a 2 

- 
- dP2a t ana  E,(;) = - - 2i p2atana + s -  

V 

1 - v  1 - v  d s  

Mult iplying both s i d e s  o f  Eq.  (100) by SJo(piis)’ and i n t e g r a t i n g  
from o t o  L gives 

2’ 
where 8, and F2 a r e  t h e  f i n i t e  Hankel transforms of i2 and 

r e s p e c t i v e l y ,  and def ined as 

where 

t =d- 

-29- 
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The first term on t h e  l e f t -hand  s i d e  of E q .  (102) i s  wr i t t en  as 

Recognizing t h a t  dG2/ds must be f i n i t e  from phys ica l  cons ide ra t ions ,  t h e  
f irst  term on t h e  r ight-hand s i d e  of E q .  (106) becomes 

The second term on t h e  r ight-hand side of E q .  (106) can be aga in  i n t e g r a t e d  
by p a r t s  as 

From t h e  boundary condi t ion ,  E q .  (29), t h e  f irst  term on t h e  r ight-hand 
s i d e  of E q .  (108) becomes 

-30- 
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S u b s t i t u t i n g  E q s .  (107) through (109) i n t o  Eq .  (106) and using t h e  
d e f i n i t i o n ,  E q .  (103), g ives  

By choosing t h e  pi so  t h a t  

Eq .  (110) may be w r i t t e n  as 

dG2 z ;(-+ d2G2 - -)J ( p . s ) d i  = - p i  U2 2- 
0 1  ds  J d s  

S u b s t i t u t i n g  t h i s  expression i n t o  Eq. (102) g ives  

By applying an inve r s ion  formula of f i n i t e  Hankel t ransform t o  E q .  (113), 

-31- 

SID 67-212-2 



N O R T H  A M E R I C A N  A V I A T I O N ,  I N C .  SPACE and INFORMATION SYSTEhfS DIVISION 

where 

U 

and t h e  sum i s  taken over  a l l  t h e  p o s i t i v e  r o o t s  of Eq. (111). 

The numerical va lue  of u can be determined by an i t e r a t i o n  scheme. 
An est imated value of u i s  first chosen. The numerical va lue  of 

[d62/d<]/62 a t  s = 2 i s  eva lua ted  next .  This  process  i s  repea ted  f o r  
success ive  values  of u u n t i l  Eq .  (115) is  s a t i s f i e d .  An approximate 
va lue  of u is, however, determined by assuming t h a t  t h e  r e s u l t a n t  of 
t h e  hydros t a t i c  p re s su re  a c t i n g  on t h e  con ica l  s h e l l  s u r f a c e  i n  i t s  
t a n g e n t i a l  d i r e c t i o n  i s  n e g l i g i b l y  small compared with t h e  r e s u l t a n t  of  
t h e  dynamic pressure .  For t h i s  case, t h e  s t r e s s  r e s u l t a n t ,  N of  

E q .  (22) can be approximately pu t  equal  t o  zero a t  
S s = z, i . e . ,  

S u b s t i t u t i n g  t h e  boundary condi t ion ,  Eq. (97) i n t o  t h e  above equat ion  
g ives  

from which 

-. = - V - cosec  2 (Y 

;212 e 
. .  

S u b s t i t u t i n g  t h i s  express ion  i n t o  Eq. (115) g i v e s  

-32- 
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I -  

. 

u = - V cosec 2 a 
L 

S u b s t i t u t i n g  E q .  (114) i n t o  E q .  (98) gives 

Pi2F2 Jl(aii) - J0(piS) 
0 

- 2tancr L2 c i (c2 + Pi2 ) (  A2 - P i 2 )  

- w2 - - 

2 - i2 6 t a n  a 
2a 

where 

S u b s t i t u t i n g  t h e  expression,  
of  Eqs. (101) gives  

of Eqs. (121) i n t o  t h e  second equat ion 

1 - 2 v -  

1 - v  
P . C t a n a  2 f2  0 f 2 ( i ) =  - 

03 

c in P n b ) t a n a  1 - 2 v -  
1 - v  2 P f 2  n 

- 
n= 1 

Qo 

- E n  c in P n b ) t a n a  
2 Pf2 n 

n= 1 

t 
1 - v  

-33- 
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5.  C i r c u l a r  Cy l ind r i ca l  S h e l l  F i l l e d  with Liquid L2  

Referr ing t o  Eqs. (73) and (75),  t h e  genera l  s o l u t i o n s  of  two 
simultaneous equat ions ,  Eqs. (31) and (32) are obtained as 

v c  v c  - 
1 - K I W  

w =  u3 2 6 s i n ( f i  i) - 
1 - K W  

1 2  - 
1 

where 
t ransformation as 

i2(;) i s  obta ined  from Eqs. (49) and (95) and t h e  coord ina te  

-34- 
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- , 6 - 2  CLZ - 
d1 t (6 - zp 

The boundary condi t ions  are 

- b  a t  Z F -  
a 

- - 
at z = o  u = o  1 2  

From Eq.  (123) ,  

By t h e  boundary condi t ion ,  Eq. c126) 

-35- 
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- cos 

L 

By t h e  boundary condi t ion ,  E q .  (127) 

Let 
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I 

a 

- g 1 2 G  s i n  

From E q s .  (129) through (131), 

cu3 = h21 

h22 %? '23h21 + ; I C  
cu4 = 

'2 4 

S u b s t i t u t i n g  Eqs. (132) i n t o  Eqs. C123), (124), and (127) gives ,  
respectively,  

-37- 
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\ 

- v h 2 2 - L  23  h 21  

'24 ' 

2 
1 - K U  1 

I 

1 
2 

g12 

1 - K U  
2 

+ 
1 1 - K W  1 

(134)  

-38- 
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From t h e  s o l u t i o n s  Eqs. (82) and (133) and t h e  f irst  boundary condi t ion 
of Eqs. (14),  

hl 1 

-39- 
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and f are def ined,  r e s p e c t i v e l y ,  as 
P22 

where fpll’ fp12’ fpZ1, 

Z=b 

z=b 

f (6) = f ( Z )  ] = 
P 2 1  P21 - - 

z=b 

f (6) = f ( Z )  ] = 
P22 P22 - - 

z=b 

From which 

r 

z=b 

+ h22 t a n (  l/G 6) 
cos (fi ”) 

+ g12 6 f [ fpl l (”)  - f P21 (611 cos( fi 6) 

4% 1 h2 1 + 

r 

1 + [ f p 1 2  (”1 - f P22 (611 s i n ( 6  6 )  } 

-40- 
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I V .  MATRIX EIGENVALUE PROBLEM 

The eigenvalue problem f o r  determining t h e  n a t u r a l  f requencies  and 
corresponding mode shapes of t he  coupled l i q u i d - s h e l l  system i s  formulated 
us ing  f i v e  equat ions which were obtained as a r e s u l t  of imposing t h e  
necessary  boundar); condi t ions .  These f ive  equat inns  are Eqs. (4), LS), 
(6) ,  (8) and (9), Other than t h e  t r ivial  s o l u t i o n  i n  which a l l  t h e  
unknown cons tan ts  are zero,  it may be seen t h a t  t h e  s e r i e s  i n  t h e s e  f ive  
equat ions  cannot be s a t i s f i e d  term by term. 
numerical  method of s o l u t i o n  must be used.' 
h e r e i n  t o  formulate  t h e  eigenvalue problem is  based on t h e  least  squared 
e r r o r  technique.  
p o t e n t i a l s ,  Eqs. (44) and (49), would r ep resen t  an exac t  s o l u t i o n  if an 
i n f i n i t e  number of terms were used, as a p r a c t i c a l  matter, t h e  series must be 
t runca ted .  
equat ions  and non- in te r face  boundary condi t ions  e x a c t l y  term by term, 
i t  is  t h e  f i v e  i n t e r f a c e  condi t ions t h a t  s u f f e r .  These condi t ions  can 
be s a t i s f i e d  only approximately. 
def ined  as: 

Hence, some approximate 
The approximate method used 

Although t h e  series r ep resen ta t ions  f o r  t h e  v e l o c i t y  

Since t h e  chosen ve loc i ty  p o t e n t i a l s  s a t i s f y  the d i f f e r e n t i a l  

The func t iona l  errws can then  be 

f =  1 

-41- 
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- 
E =  5 

1 

aS2  
' . -+  

1 b -  - - z  a 
2 

1 + (  5)  a - ;) a e  I 

1 

- - z  a 

p,lw12 

where Ek (k = 1, 2 ,  3 ,  4 ,  and 5) i s  def ined  by t h e  r e l a t i o n :  

- 
ck = a w E coswt 

E = - a w E sinwt 

(k= 1 , 2 , 4  5) k 

2 2 -  
3 3 

and 

p2a3w2 I - 
pK2 - 

D2 

With t h e s e  expressions,  t h e  t o t a l  i n t e g r a t e d  squared e r r o r ,  ST, over  t h e  
boundaries involved can he expressed as 

5 s T =  SI t s* t sg t s t s 4 

(143) 

(144) 

0 4 5 )  

where 
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where 

1 

= 2na2 /‘ “’(An, C--, f ) r d ?  

- 2  

0 

S3 = 2na2 1 
0 

s2 

-) 
1 

(An,  Bn, C;, r id?  

- 2  k 

6 

S4 = 2na2 1 
ss = 2na 2 

( C G ,  C--, E): s inads  

“’(An, Bn,  Ci;, C;, z ) d i  

0 

0 

(147) 

n = 0,1,2,---,N 

n = 2n 

n = 2 n + 1  

A 

L 

I 

bu t  Bo = 0,  and fi = H/a, = e/a, and 6 = b/a.  

’ The frequency, w and cons tan ts ,  An, Bn,  C A  and Cii are then  
determined by minimizing t h e  t o t a l  i n t eg ra t ed  squared e r r o r  . The 

n’ 

cond i t ions  f o r  t h i s  minimum are ST 

asT 
acg - =  0 

asT 

ac- 
-= 0 

m 

. 
-43- 
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Substituting E q .  (146)  into E q s .  (148) gives 

as3 as5 as 1 
a A  m aAm aAm aAm - 0  

as2 + - + - + - -  - 

+ - =  0 as3 asl 

a Bm a Bm a Bm 
+ -  - 

+ - -  - 0  a s4 + -  + -  as3 - as, 

- asl + -  as2 as4 

a C A  m acA m ac,. m ac; 

ac- m - 0  ac.. m + E m + z- m i 
Substituting Eqs. (147) into E q s .  (149) g ives  

Ti a; 
G5 

E - & = O  s ac6 
4 

m 

aE 
? sina dS t 

a E 2  P - 1 1 2 ac- m dz + /ol E' 2 ac- m r d r  + 
6 
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Eqs. (150) are a set of homogeneous algebraic equations for the constants 
C A  and C- with w as a parameter. These equations can be put *n' Bn' n n 

into the form of a matrix eigenvalue problem. 

The substitution of solutions for the error functions, Eqs. (139) 
through (143), together with solutions for the velocity potentials, 
Eqs. (45) and (49), and the displacement components, Eqs. (82), (120) and 
(134), into Eqs. (150) yields the following matrix form: 

'1 1mn Il2m '13& '13& f 
'2 1mn I22m '23mfi '23& I 

'32& '33;; '33; 

m 

(i,j = 1,2,3) is a function of w. 'ijmn where 

This linear algebraic system of 4 x (N+l) homogeneous simultaneous 
equations has a non-trivial solution only if the determinant is zero. 

The matrix eigenvalue problem formulated above can be solved only 
The method of solution consists of with the aid of a digital computer. 

searching f o r  values 0; 
simultaneous equations, Eqs. (150) vanish. An estimated value of the 
frequency w i s  first chosen. Numerical values of the coefficients, An 
Bn, Cn, and Cii are evaluated next. This process is repeated for successive 
successive values of w until a zero value o f  the determinant is found to 
a desired desree of accuracy. 

w that make the determinant of a set of 

-45- 
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V .  PROCEDURE FOR NUMERICAL CALCULATIONS 

The eigenvalue problem f o r  determining t h e  n a t u r a l  f requencies ,  
and t h e  corresponding mode shapes,  An, Bn, C -  and C- has been 
formulated as a l i n e a r  a lgeb ra i c  system of 4 x (N+1) homogeneous simul- 
taneous equat ions.  Such 4 x (N+1) a lgeb ra i c  equat ions  with r e spec t  t o  
4 x (N+1) unknowns, 

W ,  

n '  n 

C- and Ci w r i t t e n  from Eqs. (151) as) An' Bn> n 

i 
+ '13m -Cn  n + I 13mnCn) = 

n=O 

N 

2 ('21mnAn + '22mnBn + '23mn n 23mn n n= 0 
,c, + I 4" ) =  0 

( ' 3 l h A n  ' '32inBn + '33s'; ' '33mn &) n = 0 

( '31hAn + ' 32hBn  + '331ii$fi + '33mn -x-) n = 0 

N 

n= 0 

N 

n= 0 

2 

2 

Obviously,  An - - Bn = C-  = C- = 0 f o r  n = 0,1,2, ---, N i s  a n n 
s o l u t i o n  o f  Eqs. (1).  
determinant  of Eqs. (152) i s  zero.  Thus, from t h e  condi t ion  t h a t  t h e  
determinant  of Eqs. C152) i s  zero,  the  frequencies  w are found. Hence. 

There e x i s t ,  however, o t h e r  s o l u t i o n s  of t h e  

-47- 
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Illmn '12mn ' 1 3 d  '13m6 

'2 1mn '22mn '23mf1 '2 3m6 

'3lhn ' 3 2 h  I 3 3 S  I 3 3 K  

' 3 l h  ' 3 2 h  '33& I 3 3 G  

= o  

e- 

Let A. = k ,  an( so lve  any 4 x (N+l) - l of Eqs. C152) f o r  t h e  unknowns 
A (n = 1, 2 ,  --- C-  and C-. For an example, s o l v e  the  

> N), Bn, n n 

(153) 

following 4 x [N+1) - 1 simultaneous equat ions 
unknowns : 

N N 

1 'llmn'n + 1 ('12mn'n '13d'fi n = l  n=O , 

+ '13mn "c-  n ) =  - IllmO 

-e- ) = - IZlmO 
+ '23mn n 

N N 
3 e € -  

n= 1 1 '31k'n + n= 1 0 ('32h'n + '33mn n 

+ '33mn A - " )  n = v 1311;lo 

--e- ) = P 131-.0 
+ '33mn n 

-48- 
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c A  and c- by t h e  a i d  of  a 'ny n n An, Eqs.  (3)  can be solved f o r  

d i g i t a l  computer. Known coe f f i c i en t s ,  o f  Eqs. (3)  a r e  ca l cu la t ed  
i n  Appendices A and B. Iijmn 

-49- 
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CONCLUDING REMARKS AND RECOMMENDATIONS 

The s o l u t i o n s  given by Equations (152) have been programmed and 
computed for  t h e  first t h r e e  terms (n = 0, 1, 2) of t h e  v e l o c i t y  
p o t e n t i a l s .  
and t h e  corresponding mode shapes.  
a r e  shown i n  Figures 2 through 4.  

This computer program has solved f o r  t h e  n a t u r a l  f requencies  
The r e s u l t s  of t h e  numerical computation 

In  t h e  numerical c a l c u l a t i o n  of t h e  n a t u r a l  f requencies  of t h e  system 
shown i n  Figure 1, some d i f f i c u l t i e s  have been encountered with t h e  
computer program t o  f i n d  zeros  of t he  eigenvalue determinant accu ra t e ly .  
With t h e  p re sen t  method of a n a l y s i s ,  however, t h e  zeros  of t h e  eigenvalue 
determinant a r e  not  n e c e s s a r i l y  p o i n t s  where t h e  determinant changes i t s  
s i g n  b u t  a r e  t h e  minimum p o i n t s  where t h e  determinant approaches zero.  
Thus, r e f i n i n g  t h e  computer program t o  improve t h e  search f o r  t h e  minimum 
values  of  a, t h r e e  n a t u r a l  f requencies :  w = 14, 25, and 39 rad /sec ,  have 
been found. 
c i r c u l a r  r i n g  (Reference 8) and those  of a c i r c u l a r  c y l i n d e r  with r i g i d  
bottom (Reference 9), t h e  n a t u r a l  f requencies  of t h e  p re sen t  system 
(a/hl = 2000) can be roughly estimated. 
t h e  n a t u r a l  f requencies  f o r  t h e  f i r s t  t h r e e  modes range from 13 t o  45 
r ad / sec . ,  approximately. Thus, t h e  present  method of  a n a l y s i s  y i e l d s  
f a i r l y  good r e s u l t s .  

From t h e  s o l u t i o n s  f o r  t h e  f r e e  v i b r a t i o n  of a complete 

Thei r  numerical r e s u l t s  show t h a t  

In t h e  numerical c a l c u l a t i o n  o f  t h e  mode shapes of t h e  c i r c u l a r  
c y l i n d r i c a l  s h e l l ,  it has been found t h a t  t h e  normal displacement does not  
s a t i s f y  a con t inu i ty  condi t ion  a t  t he  boundary where a cy l inde r  of l i q u i d  
and an inve r t ed  cone of l i q u i d  match. 
obviously due t o  t h e  f a c t  t h a t  t h e r e  is no boundary condi t ion  which can be 
app l i ed  t o  t h e  normal displacement. because with bending s t i f f n e s s  neglec ted  
t h e  d i f f e r e n t i a l  equat ion of motion, (Equation (12) ,  i s  of zero order  i n  t h e  
normal d i s  l a  ement. 

This  u n s a t i s f a c t o r y  r e s u l t  is  

To s a t i s f y  t h i s  con t inu i ty  condi t ion ,  a c o n s t r a i n t ,  
f = 0,  has  been imposed on t h e  mat r ix  e igenvalue equat ion,  

l W l 1  - w 1 2  - 

o f  t h e  c i r c u l a r  c y l i n d r i c a l  s h e l l ,  z = H, one more consk ra in t ,  w 

2 =6 
Equation (151), by in t roducing  a Lagrange m u l t i p l i e r  A . On 

= 0, 

The corresponding Lagrange m u l t i p l i e r  i s  denoted by 
c o n s t r a i n t s ,  t h e  matr ix  e igenvalue equation, Equationhtl51) has  been 
r ep laced  f o r  t h e  present  numerical ca l cu la t ion  by 

. With t h e s e  two 

. 
-51- 
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I i  jmn 

qi lbn  qllHn 

qi2bn ‘12Hn 

qi3b; q1 3HG 

qi3bn 13Hn 

q i l b n  qi2bn ‘i3b; qi3bn 0 0 

0 0 
’q l lHn q12Hn ‘13H6 q13H, 

where 

The con t inu i ty  condi t ion  f o r  t h e  normal displacement a t  
s a t i s f i e d  as shown i n  Figures  2 through 4. 

An’ Bn’ n 
f o r  t h e  n a t u r a l  f requencies  w = 14, 25,  and 39,  t h e  t h r e e  corresponding 
mode shapes have been found and shown i n  F igures  2 through 4 .  

2=6 are  then  well 
Computing t h e  unknown cons tan t s  

C and Cn and two Lagrange m u l t i p l i e r s  A1 and A 2  

The numerical r e s u l t s  show t h a t  t h e  p re sen t  method of a n a l y s i s  y i e l d s  
reasonable  r e s u l t s  f o r  both t h e  f requencies  and t h e  mode shapes.  
advantage of t h e  p re sen t  method i s  t h a t  t h e  s o l u t i o n s  do not  n e c e s s a r i l y  
have t o  s a t i s f y  t h e  boundary condi t ions  e x a c t l y  bu t  t hey  need t o  s a t i s f y  
t h e  func t iona l  e r r o r s  der ived  a t  t h e  boundaries  approximately.  
ducing such func t iona l  e r r o r s ,  t h e  p re sen t  method can t h u s  be developed 
t o  a problem wi th  t h e  more complicated boundary cond i t ions .  
p a r t i a l l y  f i l l e d  with a l i q u i d  i s  known t o  be  a very  d i f f i c u l t  problem 
because of t h e  complicated na tu re  of  i t s  boundary cond i t ions .  
next  problem, t h e r e f o r e ,  it is  recommended t h a t  t h e  long i tud ina l  
o s c i l l a t i o n  of an e l a s t i c  c y l i n d r i c a l  tank wi th  a f l e x i b l e  con ica l  bulkhead, 
p a r t i a l l y  f i l l e d  with l i q u i d ,  be inves t iga t ed  by t h e  method of  a n a l y s i s  
presented  here.  

An 

By i n t r o -  

A tank  

A s  t h e  
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TABLE 1 

Physical Characteristics of A Liquid-Filled Circular 

Cylindrical Tank with An Inverted Conical Bulkhead 

Constants Numerical Values 

a 200 
b 200 
g 32.2 X 1 2  

L 141.4 X 2 

hi(i = 1,2) 0.1 

Units 

In. 
In. 

In/sec 
In. 
In. 

D 
E 
H 

2 Lbf 1 In* 1.099 x.106 

lo7 Lbf/ In. 
400 In. 

a 77/4 
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8 

1 .o a .e 1.4 a .. ..O 0.4 0.8 0.. 0 Q* - 
Z - t  (a) Normal Displacement of a Circular Cylindrical 

Tank 

(b) Narmal Displacement of an Inverted Conical - 
Bulkhead s +  

I 
I 

- 0  
P - - 
p €  

+ - ¶  

- r +  

0 0.1 DO. 0.3 0.4 0.5 0.e 0.1 0.. 0.. a .O 

(c) Pressure Distribution of Liquia at tne - 
.. Interface, Z = T; 

- - - -  

Figure 2. hisymmetric Mode Shapes f o r  a Liquid-Filled 
Circular Cylindrical Tank with an Inverted Conical 
Bulkhead, f = 2.23 cps 
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8 

f 4  

11 

12 rn 

W 

- 6  
W 

0 0.8 0.4 0.. 1;o -- 1 .. i .a 1 .. 8.0 
* 

- 
(a) Normal Displacement of a Circular Cylindrical z - b  

Tank 
8 

1 

+ - 
w2 

* 
0 0.8 0.4 0.8 0 .. 1 .0 

(b) Normal Displacement of an Inverted Conical s - b  
Bulkhead 

10 

0 

0 0.1 0.8 0.S 

(c) Pressure Distribut 
__ ~nterface, Z = 6 

0.4 0.8 0.a 0. r 0.. 0.. 8 -0 

.on of Liquia at tne - r +  

Figure 3. Axisymmetric Mode Shapes for a Liquid-Filled 
Circular Cylindrical Tank with an Inverted Conical 
Bulkhead, f = 3.98 cps 
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f - 
1.1 

W 

- &  
12 W 

f - 
w2 

8 

1 

0 

-¶ 

0 0.. 0.4 0.. 0.. 1 .o 1.. 1 .. 8.0 - 
z +  (a) Normal Displacement of a Circular Cylindrical 

. Tank 

0.s 

0 
0 OI. 0.4 0.a 0.. 1 .o 1 .* 1.4 a .8 - I ( b )  Normal Displacement of an Inverted Conical s - ,  
a Bulkhead 

(c) Pressure bistribution of Liquid at the 
Interface, Z = 6 

Figure 4. 

. 
Axisymmetric Mode Shapes for a Liquid-Filled 
Circular Cylindrical Tank with an Inverted Conical 
Bulkhead, f = 6.21 cps 
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A. Liquid Velocity P o t e n t i a l s  Jlc?,:) and $ c i , ~ )  2 
and S h e l l  D i s  placement Components wl l  (s), 

w (2) and w2(s) 1 2  

The l i q u i d  v e l o c i t y  p o t e n t i a l s ,  5, ( r , ; )  and 5, (5,~) and t h e  s h e l l  

displacement components, k l l ( z ) ,  w2( i ) ,  and w ( z )  have been obta ined  and 

expressed by Eqs. (44), (49), (841, (120), and (124), r e spec t ive ly .  These 
are pu t  i n  t h e  fol lowing forms: 

1 2  

= 2 (ql lznAn ' q12znBn? q13zn 4cc. n + q 13zn - c - )  n 
n=O . ,  

W2(S) = n=O 1 ( 421sACFi + 421snCn) 

--_ - are t h e  func t ion  of independent v a r i a b l e s ,  %rzn'  %rzn '  ' 933zn 
where 

r , z , s  and p which are shown by the  s u b s c r i p t s ,  r, z ,  s ,  and p , r e s -  
p e c t i v e l y .  These func t ions  w i l l  be  der ived he re in  from Eqs. [44), (49), 
(841, (120),  and (124) by i n t e g r a t i n g  t h e  p re s su re  terms given i n  Eqs. (121) 
and (137).  

- - -  

21s; and q 2lsii 
One of  t h e  p re s su re  terms involved i n  t h e  v a r i a b l e s ,  q 

is F2(pi) .  
f i rs t  equat ion  of  Eqs. (121) g ives  

Thus, s u b s t i t u t i n g  t h e  second equat ion of  Eqs. (101) i n t o  t h e  

. 
- 59- 
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1-2v - C tana/.o 2 s Jo(jiiS)ds 
F2( pi) = - - 2 P f 2  0 1-v 

-n+ 1 z 
1-2v-nv 2 - C n P n ( p  a ) tan< s Jo(p is )d i  n = l  1-v 

The first and second i n t e g r a t i o n s  of E q .  (A-2) are ,  r e s p e c t i v e l y ,  

(A-3) 

n = 1, 2 ,  ---, m 

are Lome1 func t ions  and expressed, n , -1  and ’n+l,O where S 

r e spec t ive ly ,  as: 
- 2m+2 

m ( - q m  (J c1 it r ( i  + 5 )  r(5)  
s ( P 2 )  = ( P i t )  - n-1 

n,-1 1 4 2  +;  + m ) r ( i  +;  + m) 
m= 0 

-60- 
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+ o [ ( ’ ~ L ) ” ’ ~ P ]  n = 1, 3 ,  5, --- 

N-l(piZ) [Bessel func t ions  o f  t h e  second kind]  

1 + 0.5772157--- 
2 

, 7 .2m+2 

n = 2 ,  4, 6 ,  --- 

I 
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n = 1, 3 ,  5,  --- 

Subs t i t u t ing  E q s .  (A-3) i n t o  E q s .  (A-2) and l e t t i n g  

I (A-4)  

t h e  pressure  term F2(pi)  of E q .  (A-2) may be w r i t t e n  i n  t h e  form: 

The o ther  p re s su re  terms are def ined by E q s .  (137) and they  are 
w r i t t e n  as fol lows:  

SID 67-212-2 - ~~ 
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S u b s t i t u t i n g  t h e  p re s su re ,  p1 (i) 
i n t o  t h e  f irst  two equat ions of Eqs. (A-6) g ives :  

f (a = P f l  s i n  (6 z )+  - 1 C O S ( &  2 )  + s i n (  ;)]Ao 

from Eq. (62) ,  t o g e t h e r  with Eq. (44) 

g 11 ‘ G  PI1  

an 6 s i n h ( a n i ) s i n (  6 5 )  + - “  n 

“n + g l l  “n +‘11 

sinh(an,)cos (G i) 2 
+ 

(A-7) 
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r 

an s inh(ctni)cos ( 6 i) +E An [ " c o s h ( a n i ) s i n  (6 ) - 
n= 1 "n +g11 I "n +g11 

For 8, = 6 
r e spec t ive ly ,  

however, t h e  l a s t  terms o f  Eqs. (A-7) and (A-8) become, 

I 

-64- 
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S i m i l a r l y ,  s u b s t i t u t i n g  t h e  pressure ,  p2( i )  from Eq. (95) t o g e t h e r  with 
Eq. (49) i n t o  t h e  l a s t  two equat ions o f  Eqs. (A-6) g ives :  

n m - 

n= 1 

where 

(A-11) 

If t h e  semivertex angle  of cone, a i s  g r e a t e r  than  n / 6 ,  t h e  fol low- 
i n g  approximation holds  f o r  t h e  present  system where t h e  tank i s  f u l l y  
f i l l e d  with a l i q u i d :  

cos (& !) cos( Jgll 2 )  r cos (6 ")  - - g l l  - f12 

2 2 
1-c1 

3 
a 

v1-p' 2 
(w2) 
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(1-P‘ ) 

For t h i s  approximation, t h e  second i n t e g r a l s  of Eqs. (A-9) and (A-10) 
become, r e spec t ive ly ,  

2 2 1 [ 1 + ( 6 - i ) 2 ]  P,(p ; )cos(  z)dg 

and 

where 

L 

-66- 
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HcO = - c o s ( K 6 )  ' 

Hcl = - 6 sin( 6) 

Hc2 = - (  1 - : P l l ) c o s ( G 6 )  

3 
- 1 2  

Hs5 - - 6811 

The gene ra l  expression f o r  t h e  

N 

Legendre polynomials is  expressed as 

(-1) k (2n-2k)! pn-2k 

2nk! (n-k) ! (n-2k) ! 
Pn(cc) = 

k= 0 

(A-13) 
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' i+n-2k  
d P  n + i + l  

( 1 - 2 )  

(-1) k 12n-2k)!Hci 

2"k! (n-k) ! (n-2k) ! 
= 

i = O  k=O 

n 

k '  

d P  n + i + l  

= kk (-1) (2n-2k)! Hsi 

2"k! (n-k) ! (n-2k) ! i=O k=O 

From the integrated results: Eqs. (A-7), (A -8 ) ,  (A-9) ,  and ( A - l o ) ,  
(i), fp12(;), fp2,(i) together with Eqs. (A-14), the pressure terms: f 

and f (i) o f  Eqs. (A-6) are written, respectively, in the forms: 
Pll 

P22 

(A- 1 4 )  

(A-15) 

where 

-68- 
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r - 

a a  
f3zn = . [ c o s h ( a n i ) s i n ( G  .)- anJp7-; s inh(anz)cos (6 5 )  

‘n +g11 “n +g11 

(n 1 1) 

(Continued on next  page) 
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d p  

2 

k -  (-1) (2n-2k)! Hci 

n i = O  k=O 2 k!  (6-k) ! (6-2k) ! 

' i+n"-2k 
* d P  

;tit1 
2 

( 1-P2) 

I 
k ( - 1 )  (2fi-2k)! Hsi 5 N  

i = O  k=O 2"k1 (A-k) ! (fi-zk) ! 

k 

d P  

7 

5 N  (-1) (26-2k) !H 
f6zii(z) = - 

i = O  k=O Znk! (6-k) ! (6-2k) ! 
(A-16) 

The s u b s t i t u t i o n  of t h e  express ions  f o r  F2(pi) ,fpll( ;) ,  fpl,(t), 
f ( z ) ,  and f ( Z )  from Eqs. (A-5) and (A-15) i n t o  Eqs. (44),  (49), (84),  
P21 P22 

(120) and (124) y i e l d s ,  a f t e r  t h e  lengthy mathematical manipul,ation, t h e  
- , which a r e  t h e  f u n c t i o n a l  express ions  f o r  q4rzn' q s rzn ,  9 q33zn 

c o e f f i c i e n t s  o f  An, Bn ,  Cn and Cn, as fo l lows :  

--- 
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where 

%rzn = [ ansinh(anz)+ cash( an:) ] Jo(  a,?), 

r 1 

(n 2 1)  (A-18) 

' %12%3n l z n  +- i?14f3zn 
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- 'c4'13 + '~3'14 'c2'13 - 'cl'14 

%ll - %O , % l 2  = %O 
- 

- '13 - 'c6 1 4  

'k21 - %O 9 

11 
-. lC1 = z11'14 ' 12'13 , 

c 

- '13 

11'14 '12'13 , %3 - ' 

'~5'14 
%22 = 5 

I L  1 - '" - '11'14 - '12'13 ' ' C S  = 24 

'14 
T - 

'c4 - ' 11'14 '12 13 

- '2 3 
'c6 - 5 

2 
f h l n  = - (1 - l - K I W  v 2)g126 [flHnSin(G q - f3hcOs(JgT; j ]  

V 2 )fplh 

+ [ ( I -  V 1 2 ) % 2 - - / f  2 p2Hn 

+ I  (1 - 1-;;W2)g12 - l - K I W  

2 
V 

fh2n  = -( - l - K I W  2 )g12 Jg-;; [ f 2 ~ n S i n  (6 ') f4mcoS( 6 ') I 
V 

2 

1 - K  W l - K I W  

(Continued on next page) 
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fp2z0 = o  
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SJD 67-212-2 I -  

f o r  n = 0, 2 ,  4 ,  --- - 
fJifi - f J i n  

f o r  n = 1, 3, 5, --- - 
fJifi - f J i n  

= cosa pa 

1 1 2  1 + vg 

1 - K  W 1 

812 
+ l - K I W  2 (%3f2zn  ' e14f4zn . (A-22) 

(A- 23) - %o - 
q 1 3 z i  = 'fl l - K I W  h5; t ' % 2 2 f h 6 i  
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- -n+2 2 - Pf2S  Pn( p a p a n  a 

- -  - 
2 'fl - L L  c5 214 ( % l l f h l n  + $ ~ 1 2 ~ h 3 n  

1 - K  W 
'31211 

1 

- - -  
2 - 'fl L L  c5 214 (4kl l fh2n  + %12fh4n) 

1 - K  0 
932zn 

1 

v -  
933zn = - 1 - K  W 2 ' f2  [('213 - ' ~ 6 ~ z l 4 ) ~ h S ~  + ' ~ 5 ~ 2 1 4 ~ h 6 f i  

1 

(A-26) 

(A-27) 

(A-28) 

(A-29) 

(A-30) 
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B. Funct ional  Er rors  ii (i = 1, 2,  ---5) 

- 
The func t iona l  e r r o r s ,  E (i = 1, 2 ,  ---5) def ined  by Eqs. (139) i' through (143) a r e  der ived  i n  a s e r i e s  form i n  t h i s  appendix. 

Iijmn' 
f u n c t i o n a l  c o e f f i c i e n t  which is  der ived i n  a series form o f  each func t iona l  
e r r o r ,  E 

The element, 
of t h e  matr ix  e igenvalue problem i s  then c a l c u l a t e d  i n  terms of  t h e  

- 
i' 

From t h e  expression of $,(r ,z) and 5 (s, ) given i n  Eqs. (A-1), 
t h e  d e r i v a t i v e s  of t h e s e  two va r i ab le s  a r e  obzained as 

m 

1 

5 ae 
n=O 

where 

- -  - a [a s inh (anz  ) t cosh(an.)]  J l ( a n r  ' l rzn n n  (n L 1) 

Cn 2 1) 
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ani) + sinh(an.)] JO(anE) (n I 1) 

(n 2 1) 

n -i-1 Y = n s Pfi(p) 
5spii I 

Yssp; = n s P,(p) 
- - -n-1 

A 
= 0, '1rzO 

A A 1 .  

= 1, = o  '4rzO '31-20 

Substituting Eqs. (A-1) and (B-1) into the functional errors, 
Eqs. (139) through (143) gives 

m 

ncn + e -c- ) = ,(ellznAn + e12znBn + e13zn n 13zn n 
n= 0 

W 

-c- ) '2 = n= 0 (e21rnAn + e224n n + e23rn n 

03 

'3 = (e31rn% + e32rnBn + e33rn n n= 0 

W 

'4 = (e43sn -cq n t e 43sn -c- n ) n=O 
OD 

,cC. + e -c- ) - 
'5 - n= 0 (eslzn~h + e52znBn + e53zn n 53zn n 
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where 

- 
l l z n  - ' l l zn  - PK1qllzn e 

- - 
12zn Y21zn - PK1q12zn e 

- 
13zs - - PKlq13zfi e 

e 1 3 z ~  = - PK1q13zG 

- 
21rn - Y3rbn e 

- - 
22m r4rbn e 

- - -  
y6s06 = e  23s; 2 3 G  e 

- - 
3 1 rn 94rbn e 

- 
3 2 m  - %rbn e 

- 
33s; = e33G - - '6~0; e 

- - 
43s i  ' 6 ~ ~ x 6  - PK2q21sfi e 

- - 
e 43sn '6saii - PK2q21sn 

51zn = - PK1q31zn e 

- 
52zn - - 'Klq32zn e 
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The condi t ions f o r  t h e  minimum of t h e  t o t a l  i n t e g r a t e d  squared e r r o r  
are obtained by s u b s t i t u t i n g  Eqs. (B-2) i n t o  Eqs. (147) and then  Eqs. (148).  
I t  follows fou r  simultaneous equat ions :  

1 a i 4  a i ,  
?d? t 4 - aci i s i n a d s  +[ E 5 - ac; d i  = 0 

m 

'The s u b s t i t u t i o n  of Eqs. (B-2)  i n t o  Eqs. (B-3) y i e l d s  a d e s i r e d  
l i n e a r  a lgebra ic  system of 
4 x (Ntl)  unknowns An, Bn,  C A  and C; (n = 0, 1, 2, ---, N) as fo l lQws:  

4 x ( N t l )  homogeneous s imultenaous equat ions  f o r  
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m 

i 
(IllmnAn + 'l2mnBn ' 'l3GCfi + '13mn -c-) n = 0 

-c-) = 0 

n= 0 

-CA + I 2 (I2lmnAn + 122mnBn ' '23mn n n= 0 23mn n 

Ancn + I A - c - )  = 0 ('31bAn + I32hBn + '33mn n 33mn n n= 0 

m 

('3lmnAn + 132kBn ' 133mn -ncn n + I 33mn --c-) n = o 
n= 0 

where 

1 6 
dz 51 zne5 1 zn + e ?d? + e 

0 3 1 rme3 1 rn 0 

1 6 
d i  5 1 zme52zn Ed? + f o  e 

+ e31rme32rn 
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dz + L1 e22me21rn ?dr 
' 2 l m  12zmel l z n  

1 
dz 

+ 4 e32rme31m Ed? + f o 5  e 5 2 zme5 1 zn 

dz 52 zme53zii 

- d i  + lo' e 52 zme53zn 

?dE dz + 6' e33rhe 3 1 rn ' 3 l h  = .& ' 13z ie l l zn  

Fl 

6 
dz ' e53zfie51zn 

-82- 

SID 67-212-2 
-~ 



N O R T H  A M E R I C A N  A V I A T I O N ,  I N C .  SPACE and INFORMATION SYSTEMS DIVISION 

R 
rd? ' 3 2 h  = .( e13zhe12zn dZ + J,' e 331%~ 3 2 m  

d i  5 3 zhe 52 zn 

FI 
'33% = 1 6  e13~he13zn  S sina dS 

FI 
' 3 l b  = fG e 1 3 z ~ e l l z n  dz t /,l e 231%~ 2 1 rnrdr 

6 
d: ' e 5 3 z ~ e 5 1 z n  
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s s i n a  ds  4 3siile 43s; 0 
I 3 3 6 i  

- 
b 

+ 4 e53zme53z;i dz 

z 6 4 e43siile43sn s' sina d i  + J, e53z6e53z6 ds  
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C .' 

A matrix eigenvalue 
l i q u i d - f i l l e d  e l a s t i c  cy1 
bulkhead is formulated i n  

COMPUTER PROGRAM DESCRIPTION 

problem of the  long i tud ina l  o s c i l l a t i o n  of  a 
n d r i c a l  tank wi th  a f l e x i b l e  inve r t ed  conica l  
Chapter I V  and a procedure f o r  t h e  numerical 

c a l c u l a t i o n  i s  presented  i n  Ckapter V .  
t h i s  mat r ix  e igenvalue problem i s  descr ibed  i n  t h i s  appendix. 

The- FORTRAN computer program f o r  

The purpose of t h e  program is t o  determine t h e  n a t u r a l  f requencies  
and t h e  corresponding mode shapes of  the  system descr ibed  above. 
numerical  example i s  worked out  with the  use  of  t h e  f irst  t h r e e  terms of 
t h e  series of t h e  v e l o c i t y  p o t e n t i a l s .  
example are shown i n  Table 1. 
shown i n  Figure 5. 

A 

The input  d a t a  f o r  t h i s  numerical 
The f l o w  c h a r t  of t h e  program i s  a l s o  
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